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17. Proof ofstability of second lind

Recoll

Han =re- ing int
and

ECMNT= sin=st, Haini

Thm
-- ECM,N) = - ( (M+N)

where C =((H) =(((ti))

Prof
Step 1

We consider the rese Zn= z,Ve=1,..., M. We use

Baxter's electrostatic inequality

·is-we need--
where D()=min (xiRul is the distance to the

12km

nearest nucleus. Thus

Mm(--)



Hence
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Since Dx-sp -ral, we have

27 +1

I· i). [E, in?"
and hence

n[i*-Etiim =

- M! ]amzs
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Ear=o)) =bit-sm(lot=bi.



o(=bites ,- IA

F1 =u

=dn =>of Leide
Is it:Itis...

E

Thus 552 (2z+1)
How? -M --N↳

Step 2.

the rest ofgeneral stal follows from the

following Proposition:(by Daubechies, Lieb 1983)

Proposition (monotonicity in nuclear charges)
Denote ECM, N, dtab) as the ground state

energy of How with given under changes 3E3.

If zn En Fx =1...., m, then

E(MN, still?E(m, N, (End)

ProofNote that for every 2-39,4...., M1, the-

mapping Ze-Hrw is linear. Therefore, the

mapping Er ->ECM.N, Stall is concove

(concerty holds for each Ze separately, not jointly).



Under the condition Of Get Es we can write

E =t0 +CI-tIE, for some te [0,]

Hence concerity implies

ECM, N. Stell?t ECM.N, bEnItEl,tE
L

On the other hand, setting to is equivalent
to putting Re ofinfinity. Hence

Elm, N, btub)(z=- Elr,n, 353)/z-E
thus

Elma, 35e))? E (r,stub)(z =Er
By induction.

ECMN, (En))? E (MN, 3EmL).
#

To finish the proofofthe theorem we find from

the leave that (En1E)

E(m, N, stn))?ECM,N, 36,7,--,t)).

By Step 1, we have

Elm, N, 37. . . , E3)? -(MAN)

IC E (M,N)? - <CM+N)

E



Remonks
-

8) We have notincluded the spin ofthe election

this can be done.

2) Optimizing the final boundin in gives

ECM,N)? - < (27+1)2 m" "s

Taking intoaccount all physical constants this

give, a lower bond on the energy,

ELN,M)? - 1,0732"[C2E+1) a] m4sN

·One can include the overies ofmucchei, but

ECN,M) is a lower bound to that as

the kinetic energy
is positive.

·One von indole magnetic fields:
-

-
-iD+A

thenstability ofsecondhind holds for 22953.

One can consider semi-mebtivistickinetic avery:
then stab h) ofsecond hind holds for
z < 87.2. Open problem to improve this.



18. Thermodynamic limit

Existence of thermodynamic limit:

line -M =

e(y) ()M,N-

NICONS - y

Hm
F Let Ziz Fart....,M. For every ye (01)

the limit (*) aore exists. Furthermore,
the function 2: (0,1) -> 1 is bounded

andconvex (consequently, itis continuous).

o

f sketch

8)Step 1: sub-odditivity
E(M, +M., N,+N2) ECM,,N, +ECPr,PC).

this is a consequence ofthevariational

principle. More precisely, given two were function

Yr, GL? (13M) · Yr, EL? (IRSNC) we can

construct a tried wore function Pros in
↳? CSNA) by antisymmetrising the product



Mr, X...., ) Yez (fant], ..., rity(

Ther
ECM, t, , N,M) < ein Y Mitum Nr.

(y)-

=<4r,Hmn, Yr,L +Yr Mr Yr,)

(technically, ifwe have the muckersales

for He and SES,for Men, then we take
M,N,

the uncei

↳ Re..- Rn R, ty, ty. ..., Frits
for Hiran,Mr. J.

a) A8.
Clearly ECM, N) =0 (otherwise stability

wouldbe trivial). This andsubodditivity implies

4, N) ->ECM,N) is decreasing.
From stability of matter:

E(R,N)
= - --c

r9+N

Hence Fyeca,I subsequence (Mj,Nj) Such
that

Mj,Nj -&,-, him each



One they shows using subodditivity and

monotonicity thatif <BIN) is such Rot

MjNj -> so and

-y tee

line Endthe himIhe
4)Se3.

Clearly ele) 6T-c,0].

Convexity ofecy) is proven in the following way.
tok yin't (0,1). Let N, M=MCN),M'=MCN->0

such that

ry'my'

then

NtNr= () -bei
Note that

2 (M+N) (M+N) -N(M+N) - NCMAN) =NM ANM'+CMM'

Hence

-2MrsNNAM
+ NINe

->e(z)

On the other hand, by sub-odditivityof ECN,M)



=E (NM, NY + ECNM, NY) +E/MM', NMC+E (MM!NM)

INECM,N) +NE(MI) +ME (MN) + M'E(M.N)

=(NAN) ECMN) +MMAN)E(m.N.

Divining bothsides by 2 (MAN)(MIAN) we obtain

+NM'+2MM', N(N+M) +N(N+MY) =

2 CMAN)LiN)

= I (N) + E(r',0)-
+N 1N

S
which after Holing limit gives

e(): leitec).
This implies conrecty.

#


